The flight dynamics of flapping-wing micro air vehicles result from a complicated relationship between aerodynamics and structural dynamics. This relationship has both frequency-domain aspects and time-domain aspects that are each critical. As such, analyzing data from a flapping wing requires techniques that can process information related to both of these domains. This paper introduces wavelet analysis as a tool that determine the frequency content of time-varying deflections. The resulting wavelet map presents a time-frequency domain representation that relates both the time-domain aspects and frequency-domain aspects. Data is analyzed using wavelet processing from a set of wings with different structural dynamics and different flapping parameters whose responses in the vertical and span-wise directions are recorded using digital image correlation. The resulting wavelet maps demonstrate the variations in energy content and temporal distribution associated with the deflections.
INTRODUCTION
Flapping is identified as an enabling technology for micro air vehicles with span less than 3 cm. Such flapping is efficient for force generation of both lift and thrust; however, the flapping motion is exceedingly complex for optimal efficiency. [1, 2] These systems are inherently aeroservoelastic in that the aerodynamics are tightly coupled to the structural dynamics and control. As such, the flight dynamics are dependent upon the relative deflections across the wings occurring throughout the flapping cycle.
Techniques for data analysis that can extract information about deflections are somewhat less mature than the ability to generate that data. The modal properties of the aeroservoelastic dynamics would provide reduced-order models; however, the nonlinear, time-varying properties observed during each flapping cycle would violate assumptions of modal analysis. [3] Models of the flapping dynamics are obtained using particle image velocimetry, [4] particle flow visualization [5] and digital image correlation; [6] however, these techniques generate representations of the time-averaged dynamics across multiple cycles.
The temporal characteristics of the flapping are equally as important as the frequency characteristics. Analysis of the quasi-steady dynamics are insufficient to capture both of these types of characteristics. [7, 8] Flapping at frequencies around a resonance can enhance efficiency while requiring minimal energy but will introduce significant variations in the response as the flapping frequency passes through that resonance. [9] Wavelet analysis is able to generate a time-frequency representation of data that captures both timedomain characteristics and frequency-domain characteristics. [10] Such analysis relies on localized correlation to known waveforms without assumptions on linearity or time-invariant properties. These time-frequency maps have been effectively used to analyze limit cycle oscillations, [11] nonlinear normal modes, [12] neural dynamics [13] and nonlinear oscillators. [14] Issues related to both design and control are fundamental to the maturation of flapping-wing vehicles. As such, the time-varying properties of a waveform associated with resonance must be known for low-energy flight. [15, 16] Schemes for ornithopters often achieve control by varying flapping frequency, flapping amplitude, and associated wing deflections. [17, 18] In each case, mission performance depends on understanding the time-varying deflections as a function of amplitude and frequency-varying flapping.
This paper demonstrates wavelet analysis to extract information about flapping wings; specifically, time-frequency maps are obtained to represent data from a set of wing designs and flapping conditions. Features in these maps are shown to indicate time-varying aspects of the deflections that are difficult to extract using traditional techniques of either time-domain analysis or frequency-domain analysis. Variations are clearly shown that relate to differences in wing design and differences in both flapping frequency and flapping amplitude. Also, variations in the time-frequency characteristics are found across the wing in both the span-wise and chord-wise directions.
PLATFORM AND EXPERIMENTAL SETUP 2.1. Wing Design
A set of wings, as shown in Figure 1 , are designed for the investigation of flapping. Each wing has an aspect ratio of 7.65 and a Zimmerman planform shape formed by two ellipses that intersect at the quarterchord point. Variations to the wings are introduced by differences in the material and structural design. The pair of wings, described as Wing-1 and Wing-2, are constructed using carbon-fiber battens with an overlay of Capran material; the construction of Wing-3 is solid aluminum. The battens are varied such that Wing-1 uses a radial pattern while Wing-2 uses a parallel layout. The associated dimensions and weights for these wings are listed in Table 1 . The first bending mode of the wings have been determined with laser doppler vibrometry. [25] The construction of Wing-1 and Wing-2 uses a 3-layer 12k bidirectional carbon-fiber root triangle dimensioned as 6 mm × 12 mm with an inner layer of unidirectional carbon-fiber battens. This triangle ensures sufficient stiffness at the attachment surface of the wing. All leading edges start at a width of 1.2 mm and taper to 0.8 mm at the tip. The leading edge consists of two layers of unidirectional carbon fiber with an additional layer extending half the length of the leading edge. All other battens are strips of unidirectional pre-preg carbon fiber having width of 0.8 mm. These carbon-fiber wings are laid up on a flat plate and cured for 2 hours at 250 o F in a vacuum bag at 14.7psi. After the carbon fiber structures are cured, a layer of white enamel is applied to the battens and the Capran membranes are affixed with spray glue.
Flapping is achieved for each wing using a single degree-of-freedom flapper mechanism. [19] The flapper utilizes a slider-crank, mechanism to transform the rotational motion of the motor to linear motion of the reciprocator which then actuates the flapping motion through a linkage. The flapping frequency is adjusted by increasing the speed of the motor. The amplitude is adjusted by varying the off-center distance of the crank module. The motion produced by the mechanism had a 2 percent bias error compared to an ideal sinusoid.
Digital Image Correlation
Digital image-correlation (DIC) is a non-contact technique that determines deflections and strains of a structure using multiple cameras. [20] These cameras are initially calibrated to the location of the structure with stereo-triangulation. The cameras then use temporal tracking to correlate a region of speckles between subsequent frames. Such correlation is possible if the speckle pattern has a relatively non-uniform distribution. The speckle used for the wings is applied to the top surfaces with spray paint as shown in Figure 1 . The spray paint increases the density of the membrane by approximately 16% but does not appreciably affect the wing stiffness. [24] The DIC system that obtained data used in the paper is shown in Figure 2 as a pair of cameras focused on the flapping mechanism. The high-speed cameras can obtain pictures of 800 × 600 pixels at a maximum 4800 frames-per-second. A ccd sensor boosts the signal-to-noise ratio and enables shutter speeds of 1/500,000 s. The displacements at 3000 points on the wing are simultaneously sampled using processing that enables sub-pixel resolution for deflections. [21, 22] As such, the sampling used for this paper has errors in deflection less than 1 mm. [23] These displacements are measured in 3 directions: vertical outof-plane movement (perpendicular to wing surface), spanwise or lateral movement, and chordwise movement.
The measurements are initiated by obtaining a reference picture of the wing at the central mid-plane location of the flapping cycle. Flapping is activated and subsequent deflections are obtained relative to this reference location. Lighting is adjusted so exposure times are approximately 100 ms. The number of images is determined by altering the frame rate to capture 50 images per flapping cycle at any value of flapping frequency; consequently, the frame rate varied between 500 and 1500 frames per second for all data.
Wavelet Analysis
Wavelet analysis is able to generate a time-frequency representation of data that captures both timedomain characteristics and frequency-domain characteristics. Such analysis relies on localized correlation to known waveforms without assumptions on linearity or time-invariant properties. Wavelet transforms relate an input signal to a basis function defined as the mother wavelet. This mother wavelet is of finite and variable length allowing wavelet analysis to identify nearly instantaneous frequency changes in the signal.
The mother Morlet wavelet is formed by multiplying a cosine wave by a Gaussian envelope such that Ψ(x)= e x 2 /2 cos (5x), as seen in the Figure 3 . The Morlet wavelet has been used to analyze systems with nonlinearities and time-varying structural dynamics. [11, 12] The continuous wavelet transform using the Morlet wavelet may simultaneously display the three relevant dimensions: time, frequency, and magnitude, as seen in Figure 3 for a 5 Hz sinusoid. The deflections in the lateral direction have especially notable time-varying components. The timedomain deflections clearly show a beating phenomenon of peaks with periodic magnitudes. The frequencies of these peaks are shown in the frequency-domain plot; however, the temporal nature of the beating is only seen in the wavelet maps. The peaks of positive deflection show a large value at 0.22 s during the followed by a smaller value at 0.23 s with another large value at 0.25 s in the time-domain plots; correspondingly, the wavelet map shows similar changes in peak magnitude at these time values. The nature of the flapping is noted by the vertical displacement which shows the large deflection at 0.22 s corresponds to the wing crossing the center location during the upstroke while the small deflection at 0.23 s corresponds to the wing crossing the center location during the downstroke. This asymmetry is noted in both the time-domain responses and the associated time-frequency maps but not in the frequency-domain plots. The 90 Hz component of the response is another feature for which the wavelet map provides additional insight as compared to only a frequency-domain plot. In this case, the wavelet maps in Figure 5 indicate a temporal variation in magnitude for this 90 Hz energy. A temporal relationship seems clear between the beating of the 60 Hz contribution and the 90 Hz contribution.
Time-Varying Features
A set of data is generated that considers the deflection characteristics in response to different flapping; specifically, the deflections in Figure 6 reflect response to a sine-dwell flapping at 30 Hz and sine-sweep flapping from 0-30 Hz in 0.5 s. This data corresponds to Wing-3 at an amplitude of +/-10 deg.
The transient nature of the sweep clearly affects the response as noted by the dramatic difference in the responses at 0.5 s but similarity in the steady state and sweep responses at 0.8 s. Essentially, the increase of the flapping frequency stops at 0.5 s but the deflections take another 0.2 s to settle to the final steady-state value. The temporal nature of the decay cannot be noted in the frequency-domain plots but is evident in the wavelet maps. Additionally, the response loses some of its sinusoidal nature during the sweep. The spread of energy across multiple frequencies is indicative of a periodic signal that has some level of non-sinusoidal characteristics. The decay in magnitude after the sweep from 0.5 s to 0.7 s is accompanied by a decay in the spread of energy across frequencies and, consequently, a decrease in non-sinusoidal components to the response. The non-sinusoidal nature and associated temporal variations of the response are features that can not be ascertained from a frequency-domain plot but are evident in the wavelet maps.
Comparing Flapping-Wing Parameters

Variations in Structural Dynamics
The structural dynamics of a wing have direct influence on the flapping response. Substantial energy around 42 Hz is observed in Figure 6 (e-h) at about 0.45 s despite the input flapping frequency never increasing beyond 30 Hz. This result suggests that the resonant frequency of the wing needs to be considered for modeling and control design for flapping even if the flapping frequency never reaches the resonant frequency of the wing since the first bending mode of Wing-3 is 42 Hz as shown in Table 1 .
Deflections are also measured for a pair of wings. These wings are identical size but are constructed with different materials and structures. One wing is the aluminum configuration of Wing-3 while the other is the radial-batten configuration of Wing-1. The displacements in Figure 7 result from motion in the span-wise lateral direction while flapping at 20 Hz with an amplitude of +/-10 deg.
A difference in time-varying behavior is noted for these wings. The lateral deflections for the aluminum wing are substantially larger as seen by comparing Figure 7 (a) to 7(e). These larger deflections are likely due to the larger mass of the wing, but may also be larger since the flapping at 20Hz may have excited the Wing-3 mode at 42Hz. The temporal variation of the frequency content is particularly evident for the lateral deflections of the trailing edge as seen in Figure 7(c) . The frequencydomain plots indicate a relative difference in energies at different frequencies; however, the wavelet maps also show the relative differences in frequency-dependent energy at each instant in time. The wing tip for the Wing-3 wing shows a decrease of 25% from the center peak at 0.33 s as compared to the surrounding higher-energy peaks in the wavelet maps; alternatively, the Wing-1 wing shows a decrease of 50% between the surrounding peaks and the center peak in the wavelet maps. The difference in the responses is quite evident in Figure 8 for both the time-domain representations and the wavelet maps; however, the frequency-domain plots do not show much difference except for small changes in peak amplitude. In particular, the wavelet maps indicates the response is more sinusoidal for the higher amplitude of flapping as compared to the lower amplitude of flapping. Such comparison is derived by noting the relatively narrow bands for peaks in the lower row of wavelet maps compared to the wide bands for peaks in the upper row of wavelet maps.
Also, the variation between the upstroke and downstroke is quite evident in the time-domain representations and wavelet maps but cannot be determined in the frequency-domain representations. The upper row of wavelet maps in Figure 8 show a triplet of peaks during the upstroke but only a single peak during the downstroke to indicate a temporally-localized variation in the frequency content. 
Variations in Flapping Frequency
The frequency of flapping is another parameter that influences the flapping response. Deflections are measured for Wing-2 with parallel-batten configuration while flapping at an amplitude of +/-10 deg and a frequency of either 10 Hz or 30 Hz. The span-wise lateral deflections are shown in Figure 9 along with their frequency-domain representations and wavelet maps for both the mid-span location and wing-tip location.
The waveform associated with the deflection is clearly different such that the sinusoidal nature is more pronounced in the time-domain measurements for the faster flapping, that is, the magnitude of the deflections are larger. The frequency-domain representation indicates definitive peaks at 30 and 60 Hz as expected for the faster flapping, but is less instructive for the slower flapping although peaks at 10 and 20 Hz are present.
The wavelet maps account for the non-sinusoidal nature of the response and thus provide an accurate description of the frequency content at each instant in time for each response. The temporal nature of the frequency content is clearly shown in the wavelet plots by the familiar triplet of peaks for positive deflection followed by a single peak for negative deflection. As the flapping frequency increases, the total magnitude of the wavelet representation increases and the relative magnitude of high frequency energy to the input flapping frequency in the lateral signal increases.
Variations in Span Location
The variations across the wing span are noted using the wavelet maps in Figure 9 . The time-domain deflections and associated wavelet maps are nearly identical in magnitude at the mid-span location and wing-tip location for the slower flapping but show distinct differences for the faster flapping. For both cases, the larger lateral deflections at the wing tip are generated by increases in the magnitude of high frequency energy present in the lateral signal as opposed to increases in the energy present at the input flapping frequencies of 10 Hz and 30 Hz. The wavelet map reveals that the energy at the input frequencies remain constant when moving from the mid-wing trailing edge to the wing tip. 
Variations in Chord Location
Variations across a chord are critical to thrust production for a flapping wing. As such, deflections are presented in Figure 10 Clearly the deflections at these locations vary to indicate some torsional dynamic is resulting from the flapping. In particular, the wavelet maps indicate the leading-edge deflection is dominated by a single frequency whereas the trailing-edge deflection contains relatively larger energy at several higher frequencies.
CONCLUSION
The deflections of a wing will directly influence the flight dynamics of any flapping-wing micro air vehicle. These deflections are shown to vary with wing design, flapping parameters, span-wise location and chord-wise location. Measurements from a set of wings clearly indicate that such variations have both time-domain characteristics and frequency-domain characteristics. Wavelet maps provides a single picture which encompasses the time-varying or frequency-varying nature of these characteristics.
In addition, the time-frequency maps resulting from wavelet analysis are shown to indicate the temporal variations in frequency content associated with the deflections. These variations may not clear by simply observing the time history or frequency response. A summary of these variations identified are summarized in Table 2 . In each case, the wavelet maps provide information that distinguishes features relating the time-domain characteristics and frequency-domain characteristics. In every case where flexibility effects are expected to increase (increases in flapping frequency, amplitude and distance from the flapping actuation point at the leading edge wing root), the ratio of high frequency energy to energy at the input flapping frequency increases. This suggests that the high frequency content in the signals may be attributed to aeroelastic effects. 
Category Conclusion Periodic Non-
Out-of-plane signals are mostly periodic for stiff wings as seen for Wing-1 in Sinusoidal Figure 4 . Out-of-plane signals may have time-varying frequency components Features when structural dynamics or inertial effects are present as seen in Figure 5 .
Time-Varying
Changing input flapping frequencies may excite structural modes even if the input Features flapping frequency remains below the resonance frequency of the mode, especially if the input flapping frequency is half the frequency of the structural mode as seen in Figure 6 . The wavelet representation is ideal for observing the decaying influence of an excited structural mode as seen in Figure 6 and to observe time-varying frequency content as seen in Figure 7 .
Structural
The first resonant frequency of the wing must be considered for modeling and Dynamics control purposes since input at this frequency and at half of this frequency may dramatically increase the magnitude of the flapping response as seen in Figure 6 . Flapping
The ratio of high frequency energy to energy at the input flapping frequency Amplitude increases with flapping amplitude for the lateral flapping response as shown by Figure 8 .
Flapping
The ratio of high frequency energy to energy at the input flapping frequency Frequency increases with flapping frequency for the lateral flapping response as shown by Figure 9 .
Wing Span
The ratio of high frequency energy to energy at the input flapping frequency increases moving from the wing root to the wing tip for the lateral flapping response as shown by Figures 8 and 9 .
Wing Chord
The ratio of high frequency energy to energy at the input flapping frequency increases moving from the wing leading edge to trailing edge for the lateral flapping response as shown by Figure 10 This paper demonstrates that wavelet analysis is a valuable tool for analyzing the time-frequency characteristics of a flapping wing and has focused on cases where time-frequency dependent behavior is present. This paper does not attempt to relate the time-frequency dependent features identified to aerodynamic performance. The aerodynamic implications of the time and frequency-varying deflections of these wings to thrust performance are discussed in further detail by Wu and colleagues. [19, 26] 
